The motion of a pair of counter-rotating point vortices placed in a uniform flow around a circular cylinder forms a rich nonlinear system that is often used to model vortex shedding. The phase portrait of the Hamiltonian governing the dynamics of a vortex pair that moves symmetrically with respect to the centerline-a case that can be realized experimentally by placing a splitter plate in the center plane-is presented. The analysis provides new insights and reveals novel dynamical features of the system, such as a nilpotent saddle point at infinity whose homoclinic orbits define the region of nonlinear stability of the so-called Föppl equilibrium. It is pointed out that a vortex pair properly placed downstream can overcome the cylinder and move off to infinity upstream. In addition, the nonlinear dynamics resulting from antisymmetric perturbations of the Föppl equilibrium is studied and its relevance to vortex shedding discussed.
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I. INTRODUCTION
Flow around a circular cylinder is a classical topic in hydrodynamics that is of fundamental importance to many scientific fields with numerous applications 1, 2 . Of particular interest is the formation, at moderate Reynolds numbers, of vortex eddies behind a circular cylinder, which then go unstable at higher Reynolds numbers and evolve into a Karman vortex street 3, 4 . Since an analytic treatment of the problem in terms of the Navier-Stokes equation is difficult and the computational cost of direct numerical simulation very high, a particularly useful approach to study the basic features of vortex shedding from bluff bodies is to consider the dynamics of point vortices in an inviscid fluid.
A point-vortex model for the formation of two recirculating, symmetric eddies in the wake of a circular cylinder was first introduced by Föppl 5 . He obtained stationary solutions for a pair of vortices behind the cylinder in a uniform stream and found that the centers of the eddies observed in the experiments lie on the locus of such equilibria-now called the Föppl curve. In addition, Föppl found that these equlibria, although stable against perturbations that are symmetric with respect to the centerline, were unstable against nonsymmetric perturbations. This instability is believed to constitute the origin of the vortex shedding process that leads to the formation of the Karman vortex street 6 . It was later found out independently by several authors 7-9 that Föppl's stability analysis for symmetric perturbations was in error in that the stationary solution behind the cylinder is not exponentially but only marginally stable. Physically, marginal stability implies, for instance, that if a splitter plate is placed behind the cylinder in the center plane of the wake to suppress vortex shedding [10] [11] [12] , oscillating forces on the cylinder may still arise owing to the cyclic motion of the vortices around their equilibrium position 13 .
Despite many contributions to the problem, it is fair to say that the nonlinear dynamics of the Föppl system is not yet fully understood. In particular, a more complete picture of vortex-pair dynamics in the presence of symmetric perturbations is lacking, and several aspects of the nonlinear dynamics for nonsymmetric perturbations remain unclear. To address these two issues is the main motivation of the present paper. It should be emphasized at the outset that a better understanding of the dynamical structure underlying the Föppl model is of interest not only because of its practical relevance for vortex shedding, but also in its own theoretical right from the viewpoint of nonlinear dynamics.
The Föppl model has inspired a number of studies on several related problems, such as the modeling of vortex wake behind slender bodies in terms of multiple pairs of point vortices [14] [15] [16] [17] , the Hamiltonian structure of a circular cylinder interacting dynamically with point vortices [18] [19] [20] , the control of vortex shedding [21] [22] [23] , and the stability of symmetric and asymmetric vortex pairs over three-dimensional slender conical bodies 12, 24, 25 . The related problem of desingularization of the Föppl pair in terms of vortex patches of finite area was also studied 26, 27 . A recent review on vortex motion past solid bodies with additional references to the Föppl model and related problems can be found in Ref. [28] .
After formulating the problem of a pair of counter-rotating point vortices placed in a uniform stream around a circular cylinder in Sec. II, we begin our analysis of the Föppl system in Sec. III by studying its Hamiltonian dynamics restricted to the invariant subspace where the vortices move symmetrically with respect to the centerline. A phase portrait of the system is presented that fully characterizes the dynamics within this symmetric subspace. In particular, we point out that in addition to the two previously known sets of equilibira, namely, the Föppl equilibrium and the equilibrium on the axis bisecting the cylinder perpendicularly to the uniform flow, the system possesses a hitherto unnoticed nilpotent saddle at infinity. We show furthermore that the homoclinic orbits associated with this nilpotent saddle delimit the region of closed orbits around the Föppl equilibrium. We proceed in Sec. IV to study the linear and nonlinear dynamics resulting from antisymmetric perturbations of the Föppl equilibrium. In the linear regime, a mistake that went undetected in Föppl's expressions 5 for the corresponding eigenvalues is now corrected. As for the nonlinear dynamics, the unstable manifold associated with the Föppl equilibrium is computed numerically and its close relation to the vortex shedding instability is pointed out. The linear stability analysis of the equilibria on the normal line with respect to symmetric and antisymmetric perturbations is also presented-for the first time, it seems-and the respective nonlinear dynamics is investigated numerically. A discussion of the physical relevance of our findings and our main conclusions are presented in Sec. V.
II. PROBLEM FORMULATION
We consider the motion of a pair of point vortices of same strength and opposite polarities around a circular cylinder of radius a and in the presence of a uniform stream of velocity U, 
where Γ is the circulation of the vortex at z 1 and bar denotes complex conjugation. In Eq. (1), the first two terms represent the incoming flow and its image (a doublet at the origin) with respect to the cylinder, the third term gives the contributions to the complex potential from the upper vortex and its image, and similarly the last term contains the contributions from the lower vortex and its image. As can be inferred from Fig. 1 , a necessary condition for a steady configuration to exist is that the upper (lower) vortex be of negative (positive) circulation, hence only the case Γ < 0 is of interest to us here.
In dimensionless variables
the complex potential (1) becomes
where the prime notation has been dropped. According to standard theory of point vortices in an inviscid fluid, any given vortex moves with the velocity of the flow computed at the position of that vortex, excluding its own contribution to the flow. It then follows from Eq. (3) that the velocity u 1 = (u 1 , v 1 ) of the vortex located at z 1 is given by
or more explicitly
where
The velocity u 2 = (u 2 , v 2 ) of the second vortex is obtained by simply interchanging the indexes 1 ↔ 2 in Eq. (5) and letting κ → −κ.
III. DYNAMICS ON THE SYMMETRIC SUBSPACE
It is not difficult to see from Eq. (5) that if the vortices are initially placed at positions symmetrically located with respect to the centerline, i.e., z 2 (0) = z 1 (0), then this symmetry is preserved for all later times, i.e., z 2 (t) = z 1 (t) for t > 0. In this section, we study the dynamics within this invariant symmetric subspace, where the motion of the lower vortex is simply the mirror image of that of the upper vortex with respect to the centerline. Symmetry can be enforced experimentally by placing a splitter plate behind the cylinder in the center plane of the wake 5, 10 .
With x 2 = x 1 and y 2 = −y 1 , Eq. (5) reduces to
Here, the subscripts have been dropped with the understanding that in the remainder of the section we restrict our attention to the upper vortex.
A. Hamiltonian dynamics and phase portrait
As is well known, the equations of motion for point vortices in a two-dimensional inviscid flow, first derived by Kirchhoff, can be formulated as a Hamiltonian system 3, 4 . The dynamics of point vortices in the presence of closed, rigid boundaries was shown by Lin 30 to be also
Hamiltonian with the same canonical sympletic structure as in the absence of boundaries.
For a vortex pair placed in a uniform stream around a circular cylinder, the phase space is four-dimensional and has a two-dimensional (2D) invariant subspace corresponding to symmetric orbits. The Hamiltonian restricted to the 2D symmetric subspace is given by
The corresponding dynamical equationṡ
where dot denotes time derivative, yield Eq. (6) upon identifying (u, v) with (ẋ,ẏ).
A phase portrait of this Hamiltonian system for κ = 45/32 is presented in Fig. 2 , where the curves shown are (unevenly spaced) level sets of the Hamiltonian (7). [For convenience, these curves were obtained from a direct numerical integration of Eq. (6) .] A detailed description of the main features of this phase portrait will be given below, starting with an analysis of the various equilibrium points and their stability. The related problem of the symmetric "moving Föppl system," where the cylinder advances through the fluid followed by the vortex pair, was recently considered by Shashikanth et al. 18 , but there the phase portrait 19 is quite different from the one shown in Fig. 2 , because of the additional degrees of freedom related to the velocity of the moving cylinder.
B. Equlibrium points
The equilibrium positions for the vortex are obtained by setting u = v = 0 in Eq. (6).
Three types of equilibrium points can be identified.
Föppl equilibria
The locus of possible equilibrium positions (x 0 , y 0 ) for the upper vortex found by Föppl 5 is the curve
with corresponding strength Along the Föppl curve (9), the vortex strength increases with distance from the center of the cylinder and diverges linearly for r 0 → ∞. For the equilibrium point on the edge of the cylinder (r 0 → 1), the strength vanishes. Notice that Eq. (9) yields two branches of solution:
one in which the vortex pair is behind the cylinder (x 0 > 0) and the other where the vortex pair is in front of the cylinder (x 0 < 0). The former case models the formation of vortex eddies behind a cylinder in a uniform stream and was the primary motivation of Föppl's original study 5 . The latter case has attracted far less attention because it is not usually observed in experiments. We note, however, that recirculating eddies are observed in front of a circular cylinder near a plane boundary when the gap between the cylinder and the plane is sufficiently small 32 . In this context, the Föppl equlibrium upstream of the cylinder may eventually be relevant for flows around a half-cylinder placed on a plane wall (or for the closely related situation where a splitter plate is attached to the front of the cylinder), although we are unaware of specific experiments in this setting.
Equilibria on the normal line
This corresponds to the upper vortex being located on the line bisecting the cylinder perpendicularly to the incoming flow 15 , that is,
with strength
As in the Föppl solution, the strength tends to zero when the edge of the cylinder is reached (b → 1) and diverges linearly with distance from the center of the cylinder. At large distances, the vortex strength for this equilibrium is about twice that of a Föppl pair located at the same distance from the origin.
Equilibrium at infinity
Equation (6) also yields equilibrium points at the positions
To the best of our knowledge, the existence of this additional equilibrium point at infinity was not noted before. Its physical origin, however, can be easily understood, as it corresponds to the equilibrium configuration for a vortex pair placed in a uniform stream (without the cylinder). At points infinitely far from the cylinder, the flow induced by the image system (inside the cylinder) becomes negligible and hence a stationary configuration is possible if the vortices with given circulation ±κ are placed at the appropriate distance (= κ) from each other.
C. Stability analysis
The linear stability analysis of the equilibria described above is presented next, together with a discussion of the nonlinear stability of the Föppl equilibrium.
Föppl equilibria
Consider a perturbation of the Föppl equilibrium (9) parameterized as: z = z 0 + ∆z, where ∆z = ξ + iη, with ξ and η being infinitesimal (real) quantities. Linearization of Eq. (6) then yields the following dynamical system
where the matrix A reads
A 12 = 4r 
Its eigenvalues λ are given by 
for r 0 > 1. The eigenvalues are thus purely imaginary, and not a complex pair with negative real part as found by Föppl 5 . In other words, the Föppl equilibrium is a center and not a stable focus. Our equation (18) agrees with the expression for the eigenvalues of the symmetric modes obtained in Ref. [7] from the linearization of the full 4D dynamical system.
As can be seen from 
Equilibria on the normal line
Linearization of Eq. (6) around the equilibrium point z = ib yields for the matrix A:
The eigenvalues λ of this matrix are determined by
which yields a pair of real eigenvalues, λ ± = ± √ λ 2 . The equilibrium point on the normal line is therefore a saddle, having a stable and unstable direction, as is also evident from the phase portrait shown in Fig. 2 . The eigenvectors w ± associated with the eigenvalues λ ± , respectively, read
Although it was known from numerical simulations 13 that the equilibrium point on the normal line is unstable (against generic symmetric perturbations), it seems that an explicit linear stability analysis for this case was not carried out before, perhaps because these equilibria were not considered physically relevant since they are not observed in experiment 5 .
However, when the full nonlinear dynamics is considered, the stable and unstable eigendirections w ± give origin to the respective stable and unstable separatrices, indicated by the dashed curves in Fig. 2 . In this sense, the existence of an equilibrium point on the normal line is dynamically felt by a vortex even if it is placed far from this "unphysical" equilibrium.
Equilibrium at infinity
The matrix A of the linearized system around the equilibrium point at infinity is given which is nilpotent and has two zero eigenvalues. To study the stability of this equilibrium point, one needs to examine the nonlinear contributions. To this end, we note that for |x| → ∞ and y ≈ y ∞ , Eq. (6b) assumes the forṁ
It then follows from a theorem in ordinary differential equations 33 that, in view of the cubic term in Eq. (25) , the equilibrium point is a degenerate or nilpotent saddle 34 , for which the two eigenvectors are the same. The behavior of trajectories in the neighborhood of a generic nilpotent saddle is illustrated in Fig. 3 . The behavior near the nilpotent saddle at x = ±∞ and y = y ∞ can be described as follows. A vortex placed very far downstream and below (above) the line y = y ∞ will move away from (towards) the equilibrium point at x = ∞.
Similarly, a vortex placed very far upstream will move away from (towards) the equilibrium point at x = −∞ if y > y ∞ (y < y ∞ ).
The stable and unstable separatrices associated with the nilpotent saddle at infinity form two homoclinic loops 34 , called nilpotent saddle loops, which are indicated in Fig. 2 by thick solid lines and correspond to the level curves passing through this equilibrium point:
The nilpotent saddle loops encircle the Föppl equilibria and define their region of nonlinear stability, in the sense that vortex trajectories are closed for initial positions inside the loops and unbounded otherwise. In this way, the nilpotent saddle at infinity, which went unnoticed until now, allows us to fully characterize the nonlinear stability of the Föppl equilibrium. We stress that closed orbits exist only when the flow is symmetric. Nonsymmetric perturbations inevitably cause the vortex pair to move off to infinity, as we demonstrate next.
IV. NONSYMMETRIC DYNAMICS
In this section, the effect of antisymmetric perturbations on the equilibria of the Föppl system is studied. We begin by observing that the dynamics of two counter-rotating point vortices possesses a conjugation symmetry. To describe this symmetry, let z 1 (t; z 1,0 , z 2,0 ) and 
In other words, for any given pair of initial positions, z 1,0 and z 2,0 , there exists a "conjugate pair" of initial positions, z 2,0 and z 1,0 , such that the vortex trajectories of the first pair are the complex conjugate of those of the second pair.
Any perturbation of a vortex-pair equilibrium can be written as the superposition of a symmetric perturbation and an antisymmetric one. To be precise, antisymmetric perturbations are of the form
where z 0 denotes a generic equilibrium point and ∆z = ξ + iη. Since the antisymmetric subspace of the full 4D phase space is invariant under linear dynamics, we can focus on the upper vortex in carrying out our linear stability analysis.
A. Föppl equilibria
Linearization of Eq. (5) around the Föppl equilibrium (9) with respect to antisymmetric
where the matrix B is given by
B 21 = 4r 
This matrix has a pair of real eigenvalues, λ ± = ± √ λ 2 , where 
In 
B. Equilibria on the normal line
For antisymmetric perturbations of the equilibrium (11) on the normal line, the matrix B assumes the form 
with eigenvalues λ given by
This yields a pair of real eigenvalues, λ ± = ± √ λ 2 , with respective eigenvectors:
In This scenario has been confirmed by DNS of flows past a cylinder with symmetry imposed along the centerline recently performed by Kumar et al. 38 . The problem of stationary configurations for vortex flows past a cylinder with patches of constant vorticity has also been studied numerically by Elcrat et al. 26, 27 . These authors found two families of solutions, representing desingularized versions of the Föppl and the normal equilibria, respectively, which have the same stability properties as the corresponding point-vortex equilibria.
In conclusion, we have seen that the Föppl model, where a pair of counter-rotating point vortices move around a circular cylinder in the presence of a uniform stream, is a rich nonlinear dynamical system whose features-notably its stability properties-bear a direct relevance to our understanding of the vortex shedding mechanism in real flows. The results obtained here should, in principle, carry over to more general geometries, such as vortex motion around a plate or around a cylinder with noncircular cross section.
